


“When am I going to use any of that?”
I thought this after almost every maths lesson I ever had at school. We've got calculators for mental 
maths, tills for shopping, and Excel for graphs, why on earth do people insist we learn the long and 
more error-prone way of doing things?
It wasn't until I started to apply for my 3rd year uni work placement that I cracked it. As I sat there, 
thinking about what I’d learnt that would make anyone want to employ me, I realised even my 
maths course wasn't teaching me how to bank, or be an accountant. I'd been learning to prove 
theorems and derive formulae. You're not, when you study maths, being taught what to think. You 
are being taught how to think. It's a pretty important difference. Later in life, no one will ever come 
running into the room shouting “QUICK! We need someone to prove Pythagoras's Theorem!”. On 
the other hand, a judge will weigh up factors when considering a sentence, a fireman will make a 
choice about which person they're most likely to be able to save from a fire, a gardener will make 
choice about what plants will thrive together in a garden, an emergency surgeon will essentially 
perform a problem solving exercise to decide why their patient is still bleeding all over them, all 
using logical thinking. 
The problem is, teachers and the rather limited national curriculum, insist on coving all this 
interesting lateral thinking and logic in numbers, and numbers are a pain. We've given up numbers 
in university, sometimes I can make it through a whole exam without using them! Algebra is just the 
start of it all, so forget specific numbers for now, they don't matter, this booklet doesn't care about 
the number 7 or even the number -248. Groups (and patterns in groups) of numbers can be 
interesting because that's when real maths starts taking place, you start asking “Why do they do 
this?” and “Can I be sure this will always happen?”. Proof is the foundation of most of proper maths 
(rather than just doing the adding up and multiplying, which we can leave to calculators) and most 
of these questions will be asking you to look for patterns and ask why. To put it simply, we don't 
need to think about numbers much, just the idea of numbers.
In fact the further you go with maths, the more often you'll find even the actual answer doesn't 
matter, just the fact you can be sure there is one is good enough... but I wouldn't try telling your 
teachers that or writing it in an exam. What is good practice though, and what you will get credit 
for, is showing how you got your answer. Correct and clear working is much more important than 
just putting down the correct answer. Why? It's not what you think, it's how you think...
Your mission if you choose to accept it...
Try a few of the problems in this booklet, scribble a few thoughts on the answer page at the back, 
along with your name and class in case I don't mark them all by the end of the day, and bring it to 
me say 10 minutes before the end of your session, and I’ll pick someone who I think had a good 
idea, or got really involved with trying to solve the logic puzzles and they can have a little party bag 
to take away. If you want to work in groups that's fine, but share nicely, there's plenty of maths for 
everyone, and just hand in one piece of paper. If there's anything you don’t understand or would like 
to talk about in the booklet, feel free to ask! If I get loads of people taking part, Great!, but it may 
take longer to pick a winner so I'll leave the prizes with someone at the school and get them to give 
it out  later on.
At the back of this booklet are some hints and more information about the problems that you might 
find interesting. Any problems that have extra stuff have this: (*Hint) next to the title. The problems 
start easy and get a bit harder, but the real point of this booklet is to show you a little of the type of 
thinking that's to come if you take maths a bit further than GCSE.
Finally I have to apologise if this book is too easy or too difficult, I’ve tried to put something in for 
everyone, but I don't know what your teaches have taught you so far!



 

1) Put your finger on the blue dot next to Rhinoceros. Pick an animal and spell out its name, and 
each time you say a letter, trace a line of the star (moving clockwise). You should end up on the 
picture of that animal. The lion is done as an example. The animals are:

• Rhinoceros

• Leopard

• Lion

• Rattlesnake

• Elephant

• Tiger

• Hippopotamus

• Porcupine

• Donkey

• Cat

Why does this work?
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2 ) What to do when you forget your calculator (*Hint)

Look at these multiplications:

1 x 1 = 1

11 x 11 = 121

111 x 111 =12321

What is 111111 x 111111? Why?

3)Crossing the river.
A man wants to take a dog, a goat and some cabbages over a river in a boat. Unfortunately the boat 
is small and he can only take one at a time. Also, he cannot leave the goat alone with the cabbage- 
the goat will eat it. Nor can he leave the dog alone with goat – the dog will chase the goat and it 
may fall in the river and drown. Of course none of this will happen when the farmer is with them. 
He can make as many trips back and forth as you like. How can he get all 3 across in one piece?

4) Fun with Pythagoras (*Hint)

The diamond is 6m wide and the sides are 5m long. How long is a straight line drawn from point a 
to point b?

5)  2=1! Who knew?  
Suppose a and b are whole numbers which are the same i.e a = b, then:
1) Multiply both sides by a a2  = a x b
2) Subtract b2 from both sides a2 - b2  = a x b - b2

3) Use the difference of square numbers on 
the left, and factorise out b on the right

(a+b) x (a-b)  = b x (a-b) 

4) Divide both sides by (a-b) (a+b) = b
5) a=b so can replace a with b a+a = a
6) Simplify and divide by a 2 x a =1 x a

  2 = 1

Oh dear. Which step is wrong? Why?
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(Q5)If you struggle with 
this step, either come ask 

me to give you a crash 
course in factorising, or go 
to the notes at the back on 

question 4 and look for the 
yellow star for a quick 

lesson on how to expand 
brackets. Then you can 

multiply out
(a+b)x (a-b)  = b x (a-b) 
back into the previous step 

to convince yourself it's 
true.



6)Tracing Pathways (*Hint)

The following problems are all related to a branch of maths called topology. It was started by a now 
well known problem about the 7 bridges of Konigsberg. In 1735 Konigsberg was a town in Prussia 

and its bridges, shown in the picture on the left, went over the river 
Pregel. There where two islands connected to the banks and to each 
other by seven bridges. The puzzle was, could you find a path that 
crossed each bridge exactly once?

Leonhard Euler solved this once 
and for all and invented topology 
in the process, by showing in fact, 
you can't. Well done him. He 

showed what mattered was how everything was connected 
together.  So instead of drawing lines all over the map on the 
left, we try and trace the lines on the map on the right and only 
use each line once, and not taking our finger off the paper. Try it, 
but I solemnly promise it is impossible. 

If you add in another bridge however:

It's now possible to trace a path. Start at the S and go once round the big circle path to end up back 
at the S. Now go along the straight line to the middle and do a figure 
of 8 around the other 4 lines to end up 
back at the E.

There, we crossed all the bridges once.

Try a few of these and what I want is a rule for when you can trace 
over all the lines without your finger leaving the paper, and when you 
can't. 

 



7)Tinkering with triangle numbers (*Hint)

James is putting oranges in a triangular box to be delivered to shop, and stacks them like in the 
picture below; first one in the point, then two in the second row then three etc. If James wants to put 
55 oranges in the box, how many rows should he use? 

For example, in this picture there are 10 oranges in the box 
in 4 rows. 

What about if he has a giant box for a supermarket with 
4950 oranges?



Helpful Hints 
and more information for the keen people among you

2) This an interesting way to doing long multiplication: 

100 +10+ 1 =111 so 111  x  111

111 x  111 100 10 1
100 10000 1000 100
10 1000 100 10
1 100 10 1

10000
+1000
+1000
+  100
+  100
+  100
+    10
+    10
+      1
12321

4) Pythagoras Theorem: First I should really tell you what it is in case you don't know:
For any right-angled triangle (it doesn't necessarily work otherwise!) :

Burn this knowledge into your brains forever! (But only metaphorically – I don't want to be 
sued) Side c is called the hypotenuse. 
The square at the bottom shows it's right angled, and that’s how you can tell if you have a 
right angled triangle –that is, if you can use two sides of the triangle to draw two sides of a 
square.
So the hint for the question is to find a way to use Pythagoras' theorem to help you. And if 
you are going to do that, you are going to need a right-angled triangle.... That’s the end of 
the hint but here's some good stuff about the theorem:
Even if you haven't come across this in school yet, you've probably heard of it. It's quite 
likely the best known and most often used theorem in all of secondary school mathematics. 
First thing you should know about it is that Pythagoras didn't come up with it. Surprised? 
The ancient Egyptians definitely knew about it, long before Pythagoras was even thought of! 
So why is called Pythagoras' theorem? Well in the introduction I mentioned that maths is 
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very much about why things are true. Ever wondered how we know this works for every 
right angled triangle we care to think of? Pythagoras and he's group of secretive 
mathematicians, (called the Brotherhood of Pythagoreans ) were obsessed with proving 
things, and Pythagoras is credited with proving this theorem. Hence, Pythagoras' Theorem
Now, for the first time for many of you I am happy to present a proof of Pythagoras' 
Theorem.
First I'm going to do what mathematicians call “Proof by pretty picture”. Unfortunately, this 
is a bit of contradiction as mathematicians don't accept proof by picture, but it's a very good 
demonstration of what I’m going to make more “rigorous” (meaning very exact) by doing 
some algebra. Unfortunately the algebra may go a bit beyond what maths you've been 
taught, I’m not sure. I've tried to do it very slowly and explain as I go, but if you just want to 
look at the picture, you should get the idea.

Picture 1 is a has three lengths in it : a , b and c. These are the lengths of the sides of each of the 4 
triangles
Now since the three squares outlined in red are the same size, they have the same area. This area is 
the sum of the separate areas of the 4 triangles and the purple box (in Picture 1). The area stays the 
same, even if we move the triangles around like in Picture 2. Since the area is the same, the white 
space that is left must add up to the area of the purple box in Picture 1, so we share the purple area 
out into two smaller purple boxes in Picture 3. With me so far?
The two small purple squares have areas b x b = b2  and a x a = a2

but we said together they have the same area as the larger purple square, 
which has area  c x c = c2

So 

Ta-Da!

If you want to play around with this there is a really good moving picture on this website:
  http://www.cut-the-knot.org/Curriculum/Geometry/ArrangePyth.shtml

where you can change the size of the triangles.

Right, so the idea is, we add up the area two different ways to prove the theorem. Now I promised 
you some algebra... it's on the next page. If you get lost, don't worry, this is probably year 11 
territory you're venturing into, but have a go and if you're stuck and still want to try it understand 
this, come and ask me and I'll happily explain it more thoroughly.
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In the picture are two squares, one light blue, one purple. Because they are squares, all their sides 
are the same length.
Now we are going to split the length d into 2 lengths, a and b. so d = a + b

We know the total area of the blue square is : d  x  d= d 2

 But there is another way to find it;  we add up the area of the purple square along with the 4 blue 
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triangles:
area of purple square is :  c x c= c2

area of a triangle is : 1/2  x  base  x  height = 1/2  x  a  x  b

So there is one purple square and 4 triangles in the blue square area:
blue square area = 4   x   1/2   x    a    x    b +  c2

But as we already said the blue square area is = d 2

so d 2 =  4   x   1/2   x   a   x    b   +  c2

but d = a + b so :
ab2 = 4   x   1/2   x    a    x   b   +  c2

A Quick lesson in expanding brackets

Depending on how much expanding of brackets you've seen this may be a little complicated, 
so I’ll go through it slowly:

ab2 = (a+b)   x  (a+b)

which is the same as saying:

  (a+b)   x  (a+b)  =  a  x  (a+b) +  b  x  (a+b)

i.e 'a' lots of '(a + b)' plus 'b' lots of '(a + b)' for example,
(2 + 3)  x  (2 + 3) = (5) x (5) = 25
Or we can do it by expanding brackets:
 (2 + 3)  x (2 + 3) =  2  x  (2+3) + 3 x  ( 2+ 3)
which is 2 lots of (2+3) plus 3 lots of (2 + 3)
 = 2  x  (5) + 3  x  (5) = 10 + 15 = 25

[
quick trick for question 6: if you have the difference of 2 square numbers, for example 

32−22 which is the same as 9−4=5
you can do this: 32−22  = (3-2) x (3+2) = (1)  x  (5) = 5
So in general, for any whole numbers a and b,  a2−b2  =  (a-b) x (a+b)
]

Right, if you are still following, you are doing very well!
Next keep simplifying:

a  x  (a+b) +  b  x  (a+b) = a  x  a +  a  x  b +  b  x  a + b  x  b 

= a2 + 2  x  a  x  b +  b2

so when we last left our formula for the blue square area, which I labelled with we had 
this:
ab2 = 4  x   1/2   x    a    x    b   +  c2

which we have just shown is the same as this:
a2 + 2   x  a   x  b +  b2 =  4   x  1/2   x   a    x   b   +  c2

we can simplify the right hand side a bit more, because 4   x   1/2 =2 so:
a2 + 2   x  a   x  b +  b2 =  2  x    a    x   b   +  c2



and we can take away 2   x  a   x  b  from both  sides, because all we are saying is 
“something” +  2   x   a   x  b = “something else” + 2  x  a  x  b. So both “somethings” must be the 
same i.e:

a2 + b2 =  c2

And we are done!

6) Try counting the number of lines that come out of each blue circle. So, for example:

Circle 1 has 4 lines
Circle 2 has 5 lines
Circle 3 has 4 lines
Circle 4 has 3 lines
Try this for all the pictures. What do you notice about the paths 
that work? What about the ones that don't?

7) According to one of my teachers, a mathematician called Gauss, when in primary school, was set 
the task of adding up all the integers (whole numbers: for example 3, 8 and 24 are integers and 5.2 
and 3/2 are not), from 1 to 100. Now Gauss, being a very clear kid,  thought this:

First of all “1 + 2 + 3+...etc..+ 99 + 100, is a very long sum. What would be good, was if there was 
a way to do lots of littler, easier sums. 
Second of all  1 + 2 + 3 +...etc..+ 99 + 100 = 100 + 99 + 98 + … etc... + 3 + 2 + 1,  
because it's just adding the same numbers together in a different order. So what if I add up to 100 
two times and then divide by two, and do lots of little sums to make it easier?

First step: These are two of the sums I want to do for reasons that will be clear in a minute: (if you 
haven't seen brackets in maths before, don’t worry they are just there to make it clearer what I’m 
doing, they make NO difference to how you add things up)

(100 + 99 + 98 + …... etc …. + 3 + 2 + 1)  +  (1 + 2 + 3 + …... etc …. + 98 + 99 + 100 )  =

which is the same as:

(100 + 1) +  (99 +2) + ( 98 +3) + …... etc …. + (3 + 98) + (2+99) +( 1+100) 
                      1st sum     2nd  sum    3rd sum 98th sum  99th sum  100th  sum

We call this rearranging, sometimes it makes maths easier. If you don't believe it works, look at this:
3 + 4 + 7 + 6 = 20 but if I rearrange it and add together things that make 10:
(3 + 7) + (4 + 6) = 10 + 10 = 20 
Now I think that's easier. It may be that you are much more clever than me and don't need it, but if 
you are adding up lots of numbers like we are now, it can be pretty helpful.

Second Step: All these little sums are 101, e.g. 1+100=101 , 2+99 =101, and so on. Also, since we 
are adding up 100 numbers twice, we must have 100 little sums of two numbers:



(101) +  (101)    + (101) + …... etc ….    +    (101)         +         (101) 
1st sum 2nd  sum      3rd sum 99th sum    100th  sum

so if we have one hundred 101's, we must have in total 101  x 100 = 10100. 

Third step:
So we said:

(100 + 99 + 98 + …... etc …. + 3 + 2 + 1)  +  (1 + 2 + 3 + …... etc …. + 98 + 99 + 100 )  =
(100 + 1) +  (99 +2) + ( 98 +3) + …... etc …. + (3 + 98) + (2+99) +( 1+100) 

or just the same :
(100+100) + (99 + 99) + (98+ 98) + …... etc …. + (3 + 3) + (2+2) + (1+1)

But since we added up all the numbers twice we have to divide by 2:

so our first sum: 100 + 99 + 98 + …... etc …. + 3 + 2 + 1 =  10100   ÷   2   =   5050! 
Much quicker than doing 1 + 2 + 3. +....   right?

Now the most important thing about this is, it works if you add up to any number; for example :
1 + 2 + 3 + 4 + 5  = 15

 (1 + 5) + (2 + 4) + (3 + 3) + ( 4+ 2) + (5 + 1)  = 6 + 6 + 6 + 6 + 6 = 5   x  6 = 30
30   ÷  2 =15

But, better even than that, there is a very quick way. 
If you take any number you like, and this is important, no matter what number it is, and multiply it 
but the next whole number and divide by 2, you will have the sum from 1 up to your number. We 

write it like this:
Suppose your integer (whole number) is called N
N  x  (N+1)  ÷ 2  = 1 + 2 + ...etc... + (N-1) + N

Remember: N MUST be a whole number and also always do your multiplication before your 
division!

This trick should be pretty useful for question 2.
I'm not sure whether the story is actually true, since I couldn't find it on the internet anywhere, but 

it's a good story anyway, and the maths is very true. So true in fact, you can prove it! If you want to 
know more, do your maths A-level and ask your teacher (or me!) about proof by induction.
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If you have enjoyed this booklet, you'll love 
this: 

Many of the puzzles, games and facts in this booklet 
come from this book! 

A huge thank-you to Ian Stewart for giving permission to 
use the content and for encouraging the next generation 

of mathematicians!


